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An Alternating Method for Analysis
of Surface-Flawed Aircraft Structural Components

T. Nishioka* and S. N. Atlurif
Georgia Institute of Technology, Atlanta, Georgia

A new alternating method for the analysis of a quarter-elliptical corner crack is developed. The completely
general analytical solution for an embedded elliptical crack in an infinite solid, subject to arbitrary crack-face
tractions, is implemented in the present alternating method. The present finite element alternating method
results in an inexpensive procedure for the routine evaluation of accurate stress intensity factors for flawed
structural components. The present alternating method is applied to the analyses of various shapes of quarter-
elliptical corner cracks: 1) in a brick subject to remote tension, 2) emanating from a hole in finite-thickness plates
subject to remote tension as well as bearing pressure; and 3) emanating from a pin hole in aircraft attachment
lugs subject to simulated pin loading. The results for problems 1 and 2 are compared with those available in
literature, for problem 3 the stress intensity factors and their parametric variations for the corner cracks of
various shapes are presented.

Introduction

A KNOWLEDGE of accurate stress intensity factors is
essential for a proper integrity analysis of flawed

structures. Corner cracks at holes, such as in aircraft at-
tachment lugs, have received much attention due to the fact
that they are among the most common flaws in aircraft
structural components. Analyses of corner cracks in aircraft
attachment lugs are, needless to say, three-dimensional in
nature; however, in most studies to date two-dimensional
analyses have been employed, as in Refs. 1 and 2.

For the three-dimensional analyses of corner cracks at
holes, Atluri.and Kathiresan3 used a hybrid three-dimensional
crack element to directly evaluate the stress intensity factors
.along the crack border. Hechmer and Bloom4 and Raj u and
Newman5 used three-dimensional singularity wedge elements
in which the stress intensity factors were indirectly extracted
from computed results such as the nodal displacements or
nodal forces. Smith and Kullgren6 used a finite element
alternating method in which the analytical solution for an
elliptical crack in an infinite solid subject to a cubic pressure
distribution7 was used to obtain the stress intensity factors.
Heliot, Labbens, and Pellissier-Tanon8 used the boundary
integral equation method. On the other hand, for the three-
dimensional analyses of corner cracks in attachment lugs,
very few solutions are available in literature.

A recent comprehensive study9 revealed that although the
"3-D hybrid crack element" method3'10'11 yielded better
accuracies than the alternating method,12'13 the latter
remained a potentially cheaper technique if it could be im-
proved. One of the major impediments to obtaining accurate
solutions through the alternating technique has been that the
solution for an embedded elliptical crack in an infinite solid,
which is the basic solution needed.in the implementation of
the alternating method, has been limited only to a cubic
normal pressure variation on crack surface.7

Recently, a major improvement of the alternating
technique has been made by the present authors.14'15 'In this
new alternating method the complete, general analytical
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solution15-16 for an embedded elliptical crack in an infinite
solid, subject to arbitrary tractions (normal as well as shear)
on the crack surface, was implemented in conjunction with
the finite element method. It was demonstrated that the new
finite element alternating method yielded accurate solutions
of the stress intensity factors and is approximately one order
of magnitude less expensive in computing costs as compared
to those with the hybrid finite element method3'10'11 and other
techniques currently reported in literature.

In the present paper, using the new finite element alter-
nating method, stress intensity factors are presented for
quarter-elliptical corner cracks of various shapes: 1) in a
finite-thickness plate (brick) subject to remote tension, 2) at
the edge of a hole in finite-thickness plates subject to remote
tension as well as bearing pressure loading, and 3) at the edge
of a pin hole in aircraft attachment lugs subject to simulated
pin loading. The present results for problems 1 and 2 are
compared with other results available/For problem 3 the
stress intensity factors and their parametric variations for the
corner cracks of various shapes are presented.

Analytical Solution for an Elliptical Crack in an
Infinite Solid with Arbitrary Crack-Face Tractions
In this section, only the mode I problem is considered. The

complete, general solution including the modes II and III is
given in Refs. 15 and 16. Suppose that xl and x2 are Cartesian
coordinates in the plane of the elliptical crack and x3 is
normal to the crack plane such that

( x ] / a I ) 2 + (x2/a2)2 = I, al>a2 (1)

describes the border of the elliptical crack of aspect ratio
(a1/a2). The elliptical coordinates £a (a = 1,2,3) are defined as
the roots of the cubic equation,

Let the normal traction along the crack surface be ex-
pressed in the form:

1 1 M m
<j(0)= V V V y>liO') X2m-2n + ix2n+j ft\

33 Lj Lj LJ LJ 3>m-n,n-*'l *2 v j/
i=0 j=0 m = 0 n = 0

where the A are undetermined coefficients and the parameters
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/ and j specify the symmetries of the load with respect to the
axes of the ellipse, Xj and x2.

The solution corresponding to the load expressed by Eq. (3)
can be assumed in terms of the potential function

1 1 M k

/?= Li L< Li ZjQ%-t,tF2k-2t+i,2l+j
i=-o j=o k=o e=o

(4)

where

Q2k+i+j poo

and

Q(s)=s(s+a2)(s + a2)

-i+J+1 , ̂  (5)VQ(7) ^

(6)

and the C are also undetermined coefficients. The com-
ponents of displacement u- and stress o^ in terms of the
derivatives of the potential functions (a comma followed by
an index such as j implies partial differentiation with
remaining term Xj) are given by

(7a)

(7b)

.(7c)

U2 = (l-2p)f3j2+x3f3>32

u3 = -2(l-i>)f3}3+x3f3>33

and

3,22

o22 = 2n (f322 +2vf3>11

°12 = 2^(f 3,12 -2»f 3,12

V33=2n(-f3,33+x3f3>333)

° 31 =2 t*X3 f 3,331

° 32 =2 ̂ 3/3,332

(8a)

(8b)

(8c)

(8d)

(8e)

(8f)

where ju, and v are the shear modulus and Poisson's ratio,
respectively. For later convenience, the stresses given by Eqs.
(8) through Eqs. (4-6) are expressed in a matrix form,

(9)
5x7 6xN Nxl

where [P] is the function of the coordinates (x!,x2,x3) and TV
is the total number of coefficients A or C.

Satisfying the boundary conditions on the crack surface,
the relation between the coefficients A and C can be sum-
marized in a matrix form

{C} (10)
Nxl NxN Nxl

The detailed complete expression of components of [B] is
given in Ref. 15.

For a complete polynomial loading expressed by Eq. (3),
the maximum degree of polynomial (MXDOP) and the total
number of coefficients TV can be expressed, respectively, by
MXDOP = ZM+\ and N=(M+ l)(2M+3)3. For an in-
complete polynomial loading in which the symmetries of
problem are accounted for, the maximum degree of
polynomial and the number of coefficients depend on not
only the parameter Mbut also the parameters / and j in Eqs.
(3) and (4).

Once the coefficients C are determined by solving Eq. (10)
for a given loading on the crack surface, the stress intensity
factors corresponding to this load can be evaluated from the
equation,15'16

,^, . - ,.,x(2k+i+j + l)! a1a2

cosO \2k-2 ?+i /sin6
) ( ——

alJ \ a2

(11)

where 6 is the elliptic angle measured from the xt axis, and

(12)

Finite Element Alternating Method
The alternating method for elliptical crack problem was

originally developed by Shah and Kobayashi.12'13 In their
method, the solution for an elliptical crack, subject to a cubic

.polynomial pressure distribution in an infinite solid was
implemented. Subsequently Smith et al.6 introduced the finite
element technique into the alternating method, employing the
same solution7 used by Shah and Kobayashi.12'13 The
limitation to a cubic polynomial pressure was one of the
major impediments to obtaining accurate solutions through
the alternating technique. .

The present alternating method uses two basic solutions as
follows:14'15

1) The complete, general analytical solution for an elliptical
crack subject to arbitrary loadings on the crack surface, in an
infinite solid, as explained in the previous section and in Ref .
15.

2) A general numerical solution technique such as the finite
element method or the boundary element method.25 In the
present paper the finite element method is used to generate
solution 2 because of its simplicity. Use of a finite element
method enables the alternating method to be applied to more
complex structural components.

The steps required in the present alternating method are
explained as follows (also see Fig. 1):

1) Solve the uncracked, body under the given external loads
by using the finite element method. The uncracked body has
the same geometry as the given problem except for the crack.
To save computational time in solving the finite element
equations repeatedly, an efficient equations solver OPT-
BLOK17 which has a resolution facility was implemented as
explained in Ref. 15. In OPTBLOK, the reduction of the
stiffness matrix is done only once, although the reduction of
load vector and back substitution may be repeated for any
number of iterations with only a small additional com-
putational time.

2) Using the finite element solution, we compute the stresses
at the location of original crack in the uncracked solid.

3) Compare the residual stresses calculated in step 2 with a
permissible stress magnitude. Usually the permissible stress
magnitude is chosen as 1% of the maximum external applied
stress.

Alternatively the convergency of the analysis is also
checked with a norm of stress intensity factor,

(13)

in which L points are chosen along the crack front. The
change in the norm of stress intensity factor for each cycle of
iteration is also monitored. For most cases, the change in the
norm between the second and third iterations becomes less
thanl%.
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4) To satisfy the stress boundary condition on the crack
surface, reverse the residual stresses. Then determine the
coefficients A in Eq. (3) for the applied stress on the crack
surface, by using the following least square fitting,

(14)

be expressed in terms of the coefficients C,

{Q\m=-\ [An r [n]{<T)dS=[G) m {C] (15)
J5W

(G]m=\ (N]T(n](P]dS . (16)
J sm

where af5 is the reversed residual stress calculated by the finite
element method, Sc the region of the crack, and / the func-
tional to be minimized. The more detailed procedure in this
step is given in Ref. 15.

5) Determine the coefficients Cin Eq. (4) for the potential
function by solving Eq. (10), ( { € } = [B] ~! (A}).

6) Calculate the. stress intensity factor for the current
iteration by substituting coefficients Cin Eq. (11).

7) Calculate the residual stresses on external surfaces of the
body due to the applied stress on the crack surface in step 4.
To satisfy the stress boundary condition on the external
surfaces of the body, reverse the residual stresses and
calculate equivalent nodal forces. These nodal forces { Q ] can

.. I Solve the uncracked body under external loads
ep by using finite element method (FEM)

Step 2 Using FEM solutions compute stresses at
the location of the crack

Step 3 | Are the stresses in step (2) negligible?! Yes

Step 4 Determine coefficients A in the applied stresses by
_____fitting crack face stresses in step (2)

Step 5 (Determine coefficients C i
| the potential functions

Step 6 Calculate the k-factors for the
_____current iteration_____

Step 7
Calculate residual stresses on external
surfaces of the body due to the loaded

crack. Reverse them and calculate equivalent nodal forces.

Ste g [Consider the nodal forces in step (7) as external
[ applied loads acting on the uncracked body___

_______ I

Add the k-factor solutions of all
._____iterations__________

[END!
Fig. 1 Flow chart for finite element alternating technique.

where [N] is the matrix of isoparametric element shape
function, [n] the matrix of the normal direction cosines, and
[P] the basis function matrix for stresses and defined in Eq.
(9). In order to save computational time, the matrices [ G ] m
are calculated prior to the start of iteration process shown in
Fig. 1. Although the matrix [P] has the singularity of order
l/V7at the crack front, the magnitude of the matrix [P] (or
stress) decays rapidly with the distance from the crack front.
Thus, the matrices [G]m are calculated only at the surface
elements which satisfy the following condition:

(17)

where rmin is the distance of the closest nodal point of each
surface element from the center of the elliptical crack as
shown in Fig. 2.

8) Consider the nodal forces in step 7 as externally applied
loads acting on the uncracked body. Repeat all steps in the
iteration process until the residual stresses on the crack
surface become negligible, (step 3). To obtain the final
solution, add the stress intensity factors of all iterations.

Since the analytical solution for an elliptical crack in an
infinite solid is implemented as solution 1, it is necessary to
define the residual stresses over the entire crack plane, in-
cluding the fictitious portion of the crack which lies outside of
the finite body. Moreover, it is well known that the accuracy
of the least squares fitting inside of the fitting region can be
increased with the increasing number of polynomial terms;
however, the fitting curve may change drastically in the region
outside of the fitting. For these reasons, in Ref. 15 numerical
experimentation was done to arrive at an optimum pressure
distribution on the crack surface extended into the fictitious
region. For a semielliptical crack which lies in the region of
-a1<x1<a1 and Q<x2<a2, it was concluded that the
fictitious pressure which, for the region of -#2<.x2<0,
remains constant in the x2 direction but varies in the xl
direction gives the best result among the several numerical

QUARTER-ELLIPTICAL CRACK

Fig. 2 Quarter-elliptical crack and distance of surface element.

^SOLID

Fig. 3 Residual stress distribution over the entire crack surface.
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Fig. 4 Finite-element breakdown for an uncracked brick.
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Magnification factors for a quarter-elliptical corner crack in a

experiments performed in Ref. 15. The procedure of the
fictitious pressure distribution for asemielliptical surface
crack was successfully used in the analyses of surface cracks,
in finite thickness plates subject to remote tension as well as
remote bending,15 and in pressure vessels.18

In the present paper, taking account of the conclusion
drawn in Ref. 15 the fictitious pressure distribution shown in
Fig. 3 is employed.for the analysis of a quarter-elliptical
corner crack. For the first quadrant (x1,x2 >0), the residual
stress can be calculated by the finite element method and is a
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0.5

0.0
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--- O t h-3 rd i t e ra t ions

—— 4 t h i t e r a t i o n ( f i n a l )
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.90
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0 I 2 3 '. 5,
Cycle of Iterations

b)
Fig. 6 Convergency of the solution obtained by the alternating
technique, MXDOP=5: a) succesive iteration for stress intensity
factor, and b) variation of residual stress on the crack surface.

function of the coordinates x\ and x2. For the other
quadrants, the fictitious residual stress is defined as

a$3 = af3(0,x2) for the second quadrant (x1<0,x2>0)

= 0^(0,0) for the third quadrant (xltx2<0)

= af5(jt7,0) for the fourth quadrant (x1>0,x2<0) (18)

Results and Discussions
Twenty-noded isoparametric elements were used in the

present study. In the previous studies14'15'18 the 3 x 3 x 3
product Gauss integration rule was used to evaluate the
stiffness matrices of the 20 noded isoparametric elements. In
the present study the product Gauss integration rule was
replaced by the 14 points nonproduct rule for three-
dimensional integration.19'20 All numerical analyses were
performed by using the CDC CYBER 74 at Georgia Institute
of Technology.

All problems considered here concern the linear elastic
mode I problems of quarter-elliptical corner cracks. To
quantify the effects of a finite body, crack aspect ratio, etc., a
magnification factor (normalized stress intensity factor) Fi
defined by the following equation is used,

where a, is a reference stress magnitude, E(k) is the complete
elliptic integral, of second kind, k2 = (a2

1-a2
2)/a2

1, and A is
defined by Eq. (12). The denominator of the right side of Eq.
(19) corresponds to the exact stress intensity factor for the
elliptical crack subject to the constant pressure a, on the crack
surface in an infinite solid. The reference stress a, depends on
the type of problem considered.

Quarter-Elliptical Corner Crack in a Brick
We consider a brick containing a quarter-elliptical corner

crack of aspect ratio a2/a1 = 0.4 and subject to remote tension
OT at the ends of the brick. The geometries of this problem
and the finite element breakdown for the uncracked brick are
shown in Fig. 4. Due to the symmetry with respect to the x3
direction, only the upper half of the brick was modeled by
finite elements. It should be noted that the finite element
method is used to analyze the uncracked body, although the
mesh pattern follows the original crack shape. Thus, all the
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Fig. 7 Two symmetric quarter-elliptical corner cracks emanating
from a hole in a finite-thickness plate: a) plate configuration, b)
remote tension, and c) bearing pressure loading.

Fig. 8 Finite element breakdown for the uncracked plate with a hole.

displacements u3 on the plane of x3 = 0 are constrained due to
the symmetry. The finite element mesh shown in Fig. 4
consists of 80 twenty-noded isoparametric elements with 1377
degrees of freedom (before imposition of the boundary
conditions). The matrices [ G ] m given in Eq. (16) are
calculated on the surface elements of Xj = 0 and x2 = 0
satisfying the condition of Eq. (17), rmin<5a]9 prior to the
start of iteration process. It is noted that all surface elements
on Xj = W, x2=H, and x3 =L are excluded in the calculation
of [ G ] m , since these boundaries are far enough from the
crack.

The variation of the magnification factor FT (normalized
stress intensity factor) is shown in Fig. 5. The magnification
factors were evaluated by using Eq. (19) with the reference
stress a7 = OT. In this case the value E(k) = 1.1507 was used for
a2/a1 =0.4. In the present analysis 21 terms of the fifth-order
polynomial (MXDOP=5: M=2, / = 0,1; y=0,l) in Eq. (3)
were used for the fitting of the residual stress in step 4. Figure
5 also shows the result with the cubic polynomial fitting
(MXDOP=3: M=l; / = 0,1; 7 = 0,1). The present results are
compared with the results from Newman and Raju.21 As seen
from the figure the present result with MXDOP=5 is in
excellent agreement with those of Newman and Raju,21 -while
the result with MXDOP= 3 differs.

The stress intensity factor variation after each iteration and
the residual stress removed from the crack surface in each
iteration are shown for MXDOP=5 in Figs. 6a and 6b,
respectively. As seen from the figures, the increment of the
magnification factor for each iteration correlates with the
residual stress removed from the crack surface. The
magnitude of residual stress decreases monotonically with the
increasing number of iterations. The increment of the norm
for stress intensity factor variation defined by Eq. (13) for the
fourth iteration (final) was only 0.2%. The CPU time for this
analysis was 990 s using the CYBER 74.

Quarter-Elliptical Corner Cracks Emanating from a Hole in
Finite-Thickness Plates

The configuration of the specimen considered here is shown
in Fig. 7. Two symmetrical quarter-elliptical corner cracks
emanating from the hole are considered. The definition of the

Fig. 9 Magnification factors for
two symmetric quarter-elliptical
corner cracks emanating from a
hole in a plate: a) remote tension,
and b) bearing pressure loading.
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ELLIPTICAL ANGLE 9 (DEGREES)
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problem is identical to that in Ref. 5. The geometries for this
problem are summarized as follows

a]/a2 = 2.Q, aI/t = 0.2, 0.5,and0.8

For each crack geometry, two separate loadings were applied
to the plate as shown in Figs. 7b and 7c. The applied normal
stress ORR on the hole boundary in Fig. 7c is given by

(20)

where P. is the total force acting on the perpendicular direction
to the crack plane. It is noted that the origin of polar coor-
dinates (R, i/O is located at the center of the hole.

The typical finite element model used for the uncracked
plate with a hole is shown in Fig. 8, which consists of 80 finite
elements with 1377 degrees of freedom (before imposition of
boundary condition). Due to the symmetries, only one-
quarter of the plate was used in the analysis. The matrices
[G]m are calculated on the surface elements of Xj =Q,t and
R = Riy satisfying Eq. (17), rmin <5#7, prior to the start of
iteration process. The surfaces of x2 = W—R], x3 =L can be
excluded in the calculation of [G]m since these surfaces are
far enough, i.e., rmin >5#7. Since the global stiffness matrix
and the matrices [G]m are the same, the two types of loading
shown in Figs. 7b and 7c are solved at once for each crack
geometry. Thus, as explained earlier, the reduction of stiff-
ness matrix was made only once, while the reduction of the
load vector and the back substitution were repeated for the
two loading cases as well as for the iteration process in the
alternating technique. The CPU time for each crack geometry
with two loading cases was approximately 1200 s using the
CYBER 74.

The magnification factors for remote tension and bearing
pressure loading are shown in Figs. 9a and 9b, respectively.
To evaluate the magnification factors the reference stress was
chosen as tf/ = tfr for remote tension and (ji = ap = P/2Rit for
bearing pressure loading. The complete elliptic integral of

BEARING PRESSURE

a , / t = 0.2 a j / a 2 = 2.0 R f / t •= 0.5

15

c
o
I-
o
<
u.

1.0

<
Q

O

0.5

OD

= 5.0 L/W = 1.8

0 30 60 90
E L L I P T I C A L A N G L E B ( D E G R E E S )

Fig. 10 Comparison of magnification factors with different types of
bearing pressure loading.

second kind in Eq. (20) is equal to 1.211 for #7/tf2 = 2.0. The
present results are compared with those obtained by Raju and
Newman.5 For both the remote tension and bearing pressure
cases, the present results are in excellent agreement with those
from Ref. 5 except near the hole surface (0 = 0). It should be
remarked that the comparison results of Raju and Newman5

for the bearing pressure case shown in the present Fig. 9b are
substantially different from those .shown in Fig. 8b of the
authors' original paper.22 It was found there (Fig. 8b of Ref.
22) that the results of Ref. 5 differed significantly from the
present ones in the bearing pressure case for the geometries
(#///) = 0.2 and 0.5. However, a subsequent communication
from Newman23 indicated that the cited results in Ref. 5 were
incorrect due to a computer input error. Thus, the corrected
results23 are in excellent agreement with the present results as
shown in Fig. 9b.

The effect of the variation of bearing pressure is also
examined. Another type of pressure distribution is given by

(21)

This cosine pressure loading gives a higher stress con-
centration factor as compared to that obtained from the
cosine square loading given by Eq. (20). The magnification
factors for both the pressure loadings are compared in Fig.
10. As can be expected from the elasticity solutions,22 the
magnification factor for the cosine pressure loading is slightly
higher at the hole surface (6 = 0) and slightly lower at the plate
surface (6 = Tr/2) than that from cosine square loading.

The present results shown in Fig. 9 were obtained for two
symmetric quarter-elliptical corner cracks. The stress intensity
factor for a single quarter-elliptical corner crack can be
converted from the results for two symmetric cracks by using

Rj =19.05 mm
(0.75 in)

Ro=57.15 mm
(2.25 in)

t =12.70 mm
(0.5 in)

L =228.60 mm
(9.0 in)

1L
Fig. 11 Configuration of an attachment lug with two symmetric
quarter-elliptical cracks emanating from the pin hole.
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a formula developed by Shah,24

(22)
cracks

Quarter-Elliptical Corner Cracks in Aircraft Attachment Lugs
The geometry of the lug with two symmetric quarter-

elliptical corner cracks is shown in Fig. 11. The lug material is
7075-76 aluminum with Young's modulus £" = 71.71 GPa

ap/ah= 2.0

au /t = 0.5

L = 5R ;

Fig. 12 Typical finite
element mesh for the
uncracked lug.

(10Ax 106 psi) and Poisson's ratio ^ = 0.33. To simulate pin
loading, the cosine bearing pressure defined by Eq. (21) acting
on only a half of the boundary -7r/2<^<7r/2, as shown in
Fig. 11, is considered. The analysis was made for nine crack
geometries as follows

ap/ah=0.5, 1.2, and2.0

ah/t = 0.2, 0.5, and 0.8

.p ~^« ~h denote crack lengths at the surfaces of thewhere ap and a
plate and hole, respectively. Thus, ap=a2 and ah-a1 for
ap/ah=Q.5, andap = aI andah=a2 for ap/ah = 1.2 and2.0.

The typical finite element model used for the uncracked lug
is shown in Fig. 12. This model consists of 140 twenty-noded
isoparametric elements with 2250 degrees of freedom (before
imposition of the boundary condition). Due to the symmetry a
half of the lug was used in the analysis. The displacements
were imposed as u3 =0 at x3 = -L, and w; =0 at xl = -Rf.
The matrices [ G] m were calculated on the surface of x2 = 0, t,
R = R0 (*5>0), and x1=R0-Ri (x3<0) satisfying Eq. (17),
/-min<5tf ;(seeFig. 12).

First, only stress analyses of the uncracked lug shown in
Fig. 12 were performed to examine the effect of the lug
length, changing L = 5Rf to 6Rf. The average value of normal
stress o33 at the original crack location differs only 0.02% as
the lug length changes from 5Rj to 6Rt. Thus, the following
analyses were done with L = 5Rj. In addition, the magnitude
of shear stresses which produce the stress intensity factors of
modes II and III was also examined. The average values of the
shear stresses v31 and a32 were, respectively, 0.5 and 0.1% of
the normal stress o33. Thus the mode I stress intensity factor is
dominant and the other modes are negligible in this case.

To evaluate the magnification factors for this problem the
reference stress was chosen as ai = ap=P/2Rit. The complete
elliptic integral of second kind E(k) in Eq. (19) is given by
1.2111 for ap/ah=0.5 and 2.0, and 1.4429 for ap/ah = 1.2.
Figure 13 shows the magnification factors as a function of the
elliptical angle for the aspect ratios of ap/ah=0.5, 1.2, and
2.0. The elliptical angle is always measured from the hole
surface in these cases. .Figure 14 shows the magnification
factors as a function of the crack length at the plate surface ap
for the crack depth of ah/t = 0.2, 0.5, and 0.8. The
magnification factors increase as the crack length ap
decreases, due to the fact that the stress concentration exists
around the pin hole.

The stress intensity factors for all the crack geometries are
summarized in Table 1. The stress intensity factors were

3.0

Fig. 13 Magnification
factors vs the elliptical
angle measured from the
hole surface. o

z 1.0

1
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a)

.90 30 60 90
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Table 1 Stress intensity factors (Kj/o \l-KRt) for quarter-elliptical corner cracks in an attachment lug
ap/ah 0.5 1.2

Angle, a\ah/t
deg \ 0.2 0.5 0.8 0.2 0.5 0.8

0 0.299 0.475 0.600 0.462 0.703 0.936
10 0.299 0.453 0.557 0.435 0.631 0.806
20 0.310 0.442 0.529 0.404 0.556 0.679
30 0.323 0.439 0.514 0.375 0.495 0.585
40 0.335 0.440 0.513 0.354 0:453 0.533

50 0.344 0.445 0.524 0.340 0.430 0.519
60 0.351 0.453 0.541 0.333 0.421 0.528
70 0.358 0.462 0.559 0.330 0.421 0.548
80 0.365 0.471 0.574 0.331 0.430 0.575
90 0.372 0.480 0.588 0.334 0.446 0.609
a The elliptical angle measured from the hole surface.
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normalized by the stress intensity factor for the crack size of
2Rf in an infinite two-dimensional plate with the pressure op
on the crack surface. As seen from Table 1 the stress intensity
factor increases with the increasing size of the crack. The
stress intensity factors for a single quarter-elliptical corner
crack in the lug can also be approximated from the results for
two symmetric corner cracks by using Eq. (22). The CPU time
for the analyses was approximately 1800 s using the CYBER
74.

Conclusion
The alternating method, in conjunction with the finite

element method and the complete, general analytical solution
for an elliptical crack in an infinite solid, was developed for
the analyses of quarter-elliptical corner cracks emanating a
hole. The present finite element alternating method leads to at
least an order of magnitude less expensive procedure for
routine evaluation of accurate stress intensity factors in three-
dimensional complex structural components, as compared to
other techniques currently reported in literature.

Excellent correlation was found between the present
solutions and those obtained by Raju and Newman5'21 for a
quarter-elliptical corner crack emanating a hole in the plate
subject to remote tension as well as bearing pressure loading.

The stress intensity factors for various shapes of two
symmetric quarter-elliptical corner cracks emanating the pin
hole of aircraft attachment lugs were also determined by the
present finite element alternating method. The stress intensity
factors for a single corner crack can be approximated from

the present solutions for two symmetric corner cracks by
using Shah's conversion formula.24

It was also demonstrated in the present study that the stress
intensity factor solution obtained by the alternating technique
can be improved significantly when the degree of polynomials
in the applied stress for the analytical solution is increased.
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